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Mathematical modelling of the coal instantaneous

ash vs density curve

By Y Y WU, Student Member, A D $ GILLIES?, Member and G D JUST®, Feliow

ABSTRACT

The advancement of compuler applications in the coal industry is {focusing
interest on the presentation of washability data by mathematical functions.
The nonmal method of presenting washability data is in the form of five
curves, usually fitted by cye or by cubic spline functions. 1t has been shown
that coal washability can be characterised by iwo basic relations: the
inslantancous ash vs relative density relationship and the instantaneous yield
vs relative density relationship.  In a2 new approach to the mathematical
modelling of the inslantanecns ash vs relative density relationship, the
application of the algorithm 10 a data sct from a minc in central Queensland
wag successful.

INFRODUCTION

Coal washability data is one of the fundamental inputs into coal
quality assessment, mine planning and scheduling, preparation
plant design and operation, and coal yield optimisation. These data
arc normally obtained [rom laboratory tests undertaken according
te, for instance, Australian Standard AS 1661-1979. During these
tests, coal is placed in a liquid of predetermined density. The [loat
material which floats is dried, weighed and heat-treated under
specific conditions to determine the percentage ash. This gives the
percentage of material floaling (incremental yicld) and the ash
content (incremental ash) for a series of densitics. These results are
then presented in the form of Lables and curves.

Duc 1o the advancement of computer applications in the coal
industry, presentation of washability data by mathematical
funclions has been allracting increasing interest. Armstrong ancd
Whitmore (1981) have shown that the washability data can be
represented by the following two relationships:

a. the instantancous ash vs relative density relationship, and
b. the instantancous yicld vs relative density relationship.

Their paper serves as a base for further examination of the
relations. In particular, a new appreach to mathematical modelling
of the first retationship is presented here.

MATHEMATICAL MODELLING OF THE
INSTANTANEOUS ASH VS DENSITY RELATIONSHIP

The proposed model for the instantaneous ash vs density
relationship

Armmstrong and Whitmore (1981} initiated the concept of
mathematical modeliing of the washability relations. To model the
ash distribution, they present a Hnear equation relating
instantaneous ash to the reciprocal of the relative density. Their
equation can be put in the form

where p is the density of an arbitrary particle (particles) in the
sample, a(p) is the ash fraction of the same particle (particles). The
significance of the model parameters are as follows.

pe - the density of pure coal.

A - the "Minimum Ash" parameter, is the ash fraction of pure
coal.

Pa - the "Maximum Density" parameter, is the density of pure
ash,

A - the "Maximum Ash" parameter, is the ash fraction of pure
ash.

Float and sink analyses are undertaken over a range of densities,
say, from 1.30 10 2.0. These analyses give an average ash content
of particies with relative density lying in a certain range rather than
at a specific density. This difficulty can be overcome by using the
midpoint of the density range as an initial estimate of the relative
density corresponding to the ash assay and later adjusting this value
in order to improve the {it of the curve. Armstrong and Whitmore
used a fiting procedure which is outlined below.,

a. The midpoint of the density range is used as an initial estimate
of the relative density corresponding to the ash assay.

b. Preset values of Av = 0.0 and A = 0.9 are used 10 estimate p.
and pq by filting an ash assay vs density curve with the use of a
least squares method and by extrapolating to A(p) = 0.0 and 0.9
respectively.

c. Adjusiment of the relative density comesponding to the ash
assay is undertaken to improve the fit of the curve.

d. The yicld vs density relationship curve is fitted and At and p,
are adjusted to obtain the final model parameters.

Although successful, this fitting procedure can be cumbersome.
Itievski (1987} adopted and improved the Armstrong and Whitmore
approack. The improvemenls were made mainly by using a
different algorithm to estimate the model parameters.

Derivation of the fitting algorithm

Regardless of the final values taken by the coal washability
parameters, equalion 1 can be placed in the following form.
alp)=k+mfp (2)
The introduction of a third parameter ¢ greatly improves the
quality of fitting in general and especially where the cumulative ash
per cent is concerned. This is shown is equation 3.
alp)=k+mf(p+c) 3)
Let the instantanecus yield function be w(p). Then the
incremental yield (W(p,)) and the corresponding ash content (A(p.))
at fth separating density are
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FIG 1 - Yield vs density relationship curves derived from
datain AS 1661 - 1979 (not in same scale).

If the cumulative yield vs relative density curve is approximated
by connecting the adjacent points using straight lines (see Figure 1),

Wpl=kp+b forpi-1<p=pi {6}

then

wipy=k(constani) forpi-1sp<pi

Substituting w (p) = & into equation (5} gives

£

a{p)d

APp) = ———
. ! Pii— P . i

Equation 7 indicates that under the straight line approximation,
A(pi) is independent of W (p,). A (p;) can be viewed as Lhe average
instantaneous ash over the density i-1 to { for a coal sample. Since
A (p) can be known from the coal washability data, equation 7 can
be used for the estimation of the instantaneous ash vs density
function a {p}.

Suppose a (p) has the form of equation 3. There are three
parameters that need to be estimated. A popular way for the
estimation is by the ieast squares method. With the parameter ¢ in
equation 3, equation 7 is no longer a linear model. This makes the
least squares method complex to apply. Furthermore, there will be
no systematic solution if general methods to deal with the
non-linear modef are used. To overcome these problems, the
following procedure was used.

a. Set a value for ¢ which allows equation 7 to become a linear
model. 1t can be noted that when C = 0.0, equation 3 reduces to
equation 2.

b. Use the general least squares method to fit this reduced linear
model. The error model is

min x? = }':,{A‘(p;) ~ AP @

]

where { is the ith density, n is the number of separating densitics
used, A (py) is the float and sink result of the incremental ash per
cent from p; - 1 to pi. A(p:) is the counterpart of A”(p;) calculated
from equation 7. The unit weight was used for all the points.

¢. Adjust the ¢ value and proceed iteratively until a overatl min Xt
is obtained.
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This procedure still has cumbersome aspecls. After some
experimentation, it was found that the overall "optimum” value for
¢ is always between 0.0 and 20. With this approach, a sysiematic
vession of the program was obtained.

One "imperfection” of the program is that py is needed as pi-1 is
used when { = 1. po ranges from 1.24 (the lightest particle of coal)
to the first separating density in the float and sink test, normally
1.30. However, as soon as a best value in terms of minimising s
found for a coal sample in 2 type of coal, this value can also be used
for other samples for that coal seam without significantly affecting
the optimum result.
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F1G 2 - Cumulative yield vs density refationship (average coal
quality from two pits).

Discussion on the straight line approximation

In the derivations above, the cumuiative yield vs relative density
curve is approximated by connecting the adjacent points using
straight lines. This approximation is referenced in this work as the
straight line approximation. The justification for using a siraight
line approximation in developing the algorithm is outlined below.

a, This approximation is commeon industry practice it most
applications when coal washability tables are employed.

b. Where coal has been analysed according to, say, AS
1661-1979, it can be seen that for most density intervals, this
approximation: is very close 1o the underlying "true” curves.
This is illustrated in Figures 1 and 2.

¢. In the case where certain sections of the eumulative vield vs
density curves {such as the {irst part in Figure 2} arc nol well
approximated by straight lines, the optimum resulis are only
distorted over the deviating fractions of the curves (equation 8).

Previous work (Clarkson and Leach, 1981; Ilievski, 1987)
indicated that the relationship between instantancous ash and
relative density is almost constant over a certain area. This was
also verified by intensive data (213 bore cores from each of the two
plies in a mined out area) obtained from a central Queensiand mine
in this project. This suggests that the straight line approximation
may be only used in deriving the algorithm above. The
mathematical modelling of the instantancous yield vs density
relationship can be carried out independently. It will also be shown
later that the algorithm developed above is not sensitive to the
number of densities over which the coal sample has been analysed.
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F16 3 - Comparisons with the model of Armstrong and Whitmore

(1981).

COMPARISON WITH THE OTHER FITTING METHODS
Comparisons undertaken

1t was difficuit w0 make a complete comparison between ihis
method and others (Armstrong and Whitmore, 1981; [licvski, 1987)
since the computer programs for the cother methods were not
available. However, the following was done for the comparison,

a. Fiiting the model using the algorithm above 10 the example
given by Armstrong and Whitmore (1981) and analysing the
results.

b. Fitting the modei using the algerithm above to the fitting results
given by Ilievski (1987) and analysing the resulis.

¢. Fitting the model using the algorithm above and comparing i
with the model {itted by the same algorithm but with¢ = 0.0.
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Armstrong and Whitmore's results

The fitting example, coal No 3 (Armstrong and Whitmore, 1981)
was also fitted by the algorithm developed. The model for the
instantaneous ash vs relative density curve fitted by Armswong and
Whitmore's "COALFIT 1" program is

a(p) = 203.43 ~ 23615
&)
The model obtained from the algerithm developed is
25276.8
= 1787.6 = ~———="— (10}
a(p) 87 (p +129)

The graphic presentation of these formulae together with the
observed values comresponding to the adjusted densities by
Armstrong and Whitmote is shown in Figure 3. From this figure, it
can be seen that the models are very close except the first point
which is at the extremity for practical curve use,

The results for incremental ash per cents at relative density
intervals are listed in Table 1. The results for cumulative ash per
cents are listed in Table 2 and Figure 6. Table 1 shows little
difference for the two methods. However, Table 2 and Figure 3
show that the method developed performs much better than the
other method in terms of cumulative ash per cents.

It should be mentioned that the parameters in the model ebiained
from the algorithm developed for the instantaneous ash vs relative
density relationship do not have any physical meaning as in the
other models.

TasLE 1
Comparison of incremental ash per cents at density intervals with
the model of Armstrong and Whitmore (1981},

Relative density ]| Observed | Arm. & Whit. modet | Developed model
inlervals Ash(%) Ash(%) Ash{%)
F 13 5.1 4.90 512
13 . 1.3% 110 10.87 10.69
135.14 169 17.17 16.90
14 -145 228 23.07 23.06
145 .15 288 2861 2019
15 . 1.55 k%) 3493 kLK1
1.55-16 412 4184 41.38
TABLE 2

Comparison of cumulative ash per cents with the model of
Armstrong and Whitmore (198])

Relative || Observed | Arm. & Whit. model | Developed model
density Ash(%) Ash(%) Ash(%)

1.3 5.10 490 5.12

1.35 8.00 721 7.86

14 9.37 9.03 9.25

1.45 1119 10.60 11.12

1.5 1254 1201 12.51

155 13,53 13.32 13.52

1.6 14.62 1445 14,59

Ilievski’s results

Two typical fittings for the bulk samples from Ilievski (1987) are
Jisted in Tables 3, 4, 5 and 6. Figures 4 and 5 arc the gra}}ilic
presentations of Tables 4 and 6. The curve fie from the algorithm
developed is obviously good especially where the cumulative ash
per cent vs density curve is concerned.
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TABLE 3
Comparison of incremental ash per cents at density intervals with

the model of Hievski (1987) (BBC bulk sample -0.25 + 0,125 mm).

Relative density Observed Bievski's mode) Developed model
intervals Ash{%) Ash(%) Ash(%}
F 13 52 il 34
13 - 1.35 66 53 6.1
135. 14 100 1.2 105
14 - 145 143 16.5 148
145 - 1.5 174 214 192
15 - 155 226 5.9 235
155- 16 28.1 30.2 218
16 - L7 340 6.0 34,
17 - 18 4238 43.1 425
18 .19 519 49.5 507
19 .20 58.4 55.2 588
TanrE 4

Comparison of cumulative ash per cents with the model of Hievski
(1987 ). (BBC bulk sample -025 + 0.125 mm.)
L

Relntive § Observed | Ievski's model | Developed model
density Ash(%) Ash(%) Ash(%}
13 52 11 34
135 5.67 .69 4328
14 6.24 39 .
145 139 505 6.50
15 8.16 6.02 748
155 875 6.89 8.3
1.6 9.45 1.69 8.85
1.7 10.72 9.07 10.15
18 11.48 10.33 1092
19 12.64 11.36 12.06
20 13.54 1237 13.00

TABLE 5

Comparison of incremental ash per cents at density intervals with
the model of Ilievski (1987). (BBC bulk sample - 12.7 + 6.35 mm.)

Relative density Observed Nievski's model Developed model
intervals Ash{%) Ash(%) Ash(%}
F 13 33 4.5 33
13 -138 76 8.8 69
135-14 123 14.3 126
14 - 145 173 19.3 179
145-1.8 24 ns 230
15 -1.55 24 28.1 217
155-16 325 321 322
16 - 1.7 396 373 384
1.7 - 1.8 453 439 46.0
18 - 19 523 49.8 529
18 -20 59.1 55.1 59.
TABLE 6

Comparison of cumulative ash per cents with the model of lievski
{1987). (BBC bulk sample - 12.7 + 6.35 mm.)
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FiG 5 - Cumulative ash per cent comparisons with the model of
Ilievskd (1987) (-12.7 + 6.35 mm size).

Results when ¢ = (L0

A typical drilf hole in the data of the mine is presented to illustrate

Relative | Observed | llievski's. model | Dewveloped model the comparison, For ¢ = 0.0, the model for the instantancous ash vs
Gensity Ash(%) Ash(%) Ash(%) relative density is

13 33 45 33 218.52

135 430 547 41 _ N .

14 489 607 4 a(p) = 167.50 an
145 5.3 6.48 52U

1.5 563 6.78 552 . . . .

158 580 7.00 569 The optimum model obtained after introducing parameter ¢ is

16 59 720 581

1.7 6.07 743 596 5765.86

18 620 1.59 609 a(p)=715.63 - D168 {12)
19 635 173 625 b +68)

20 652 1.78 642 The prediction results are lisied in Tabies 7 and 8 and Figure 6.

The improvements can casily be observed.
14 No 11991
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TasLE 7
Comparison of incremental ash per cents at density intervals with
the case of ¢ = 0.0 for a typical bore,

Relative density | Observed | Developed model (C=0.0) | Developed model
intervals Ash(%) Ash{%) Ash{%®)
F 135 1.50 5.03 2
135 - 145 12.39 1135 11.98
145-16 2128 2409 2253
16 - 1.7 3235 s 3280
1.7 - 18 £0.69 42,60 40.78
13 -19 3007 £9.35 48.59
19 -20 51.22 5542 56.21
20 -2.1 62.25 60.89 63.66
TABLE 8

Comparison of cumulative ash per cents with the case of ¢ = 0.0 for
the typical bore core.

Relative | Observed | Developed modet (C=0.0) | Developed model
density Ash{%) Ash(%) Ash(%}
135 1.50 503 72}
145 10.64 S.09 10.27
16 1231 11.4} 12.20
1.7 1322 12.51 13.12
1.8 1377 131 13.69
19 14.56 131.90 14.45
20 1529 1461 15.16
2.1 15.49 148} 15.37
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FIG 6 - Comparison of cumulative ash per cents between the case of
¢ = 0.0 and optimum c value.

Sensitlvity to the number of points analysed for a coal sample

The developed algorithm is not sensitive to the number of
separating densities used for the float and sink test on the sample.
This is the result of the following.

& In general, the curves generated by the model as expressed in
equation 3 take the shape of the instantaneous ash vs relative
density curve and moreover it is of "smooth shape” (see Figure
33

b.  Most parts of the cumulative yield vs relative density curve can
be approximated by straight lines and in the parts that this is
difficult, there is only partial influence on the general results in
the developed algorithm.

The results listed in Tables 9 and 10 were obtained by assuming
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that the bore core presented above (Tables 7 and 8) was only
analysed for five densities. It can be seen that the disturbance is
small. It should be noted that this is only an illustration. These
specific results should not be generalised.

TanLE 9
Results of incremental ash per cents at density intervals for the
reduced sample.
Relative density Observed Developed modet
intervals Ash(%} Ash(%)
F 1.35 750 726
135 . 145 1239 1L78
145 - 1.7 2385 26.00
i7 -9 4563 43.70
19 -21 5823 58.86
TABLE 10
Results of cumulative ash per cents for the reduced sample.
Relative | Observed Developed model
density Ash(%) Ash{%)
1.35 7.50 1.26
145 10.64 10.16
1.9 13.22 1326
19 14.56 14.51
2.1 15.49 15.46
70
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FIG 7 - An example from the group where X min <10.0 .

Fitting results for the borecores in the area of two mining pits

A total of 78 bore cores in an area were fisted using the algorithm,
Fifty-four (69.2 per cent) of the bore cores were fitted with the
value of x°min less than 10.0. Nineteen (24.4 per cent) of the bore
cores were fitted with xzm,-n values ranging from 10.0 w0 30.0. Only
five (6.4 per cent) bore cores were fitted with P min values gre‘atcr
than 30.0. In these cases, the originai test data were certainly
doubtful. Figure 7 to Figure ¢ show some typical prediction results
in each group. In these figures the incremental ash vaEm.:s.\yere

s
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FIG 9 - An example from the group where ¥miy > 30.0.

drawn against the corresponding separating densitics (they are not
the instantanecus ash vs density curves). Figure 10 shows the
instantanieous ash vs relalive density curve for one of the bore
cores.

For the cumulative vield per cents at different separating
densilies, the predicted values are very close to the observed ones.
Among the 78 fitted bore cores, 52 (66.7 per cent) of them have
absolute prediction errors less than 0.1 per ceni, 18 (23 per cent) of
them have absolute prediction errors between 0.1 1o 0.2 per cent
and only eight (10.2 per cent} of them have absoluie errors more
than 0.2 per cent for separaling densities greater than 1.45. The
cumulative ash per cents at separating densities less than 1.45 are in
any case not iraportant for this type of coal. These resulis also
indicate that using incremental ash per cents alone 1o estimate the
instantaneous ash vs relative density relationship model is correct
and effective. The printed fitting results for the average values of
the area studied are listed in Table 11.
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FIG 10 - An example of the instantaneous ash vs relative density
curve.

TARBLE 11
Fitting results for the average coal quality of an selected area.

Cbserved Fredicted Rezidual Relative err.
7.656 7.706 ~-0.049 -0.641
12.592 12.741 0.251 1.935
22.968 23,781 =0.783 -3.408
34.54% 34,207 0.342 0.990
42.708 42.161 D.547 1.282
49, 888 49,788 g.100 0.200
56,800 57.105 ~0.305 ~0.537
64.032 64,133 -0.101 ~0.158
a(p)=411.9987-1756.863/{p+3.0) c=3.00
X*v2e1.208
Cumu. comparison
7.656 7.706 -0.049 ~0.641
10,542 10.429 0.113 1.076
12.556 12.588 ~0.032 -0.254

13.708 13.721 -0.012 -0.089

14.512 14.508 0.003 0.022

15.242 15,237 G.005 C.034

15.668 15.666 G.002 0.013

15.949 15.948 0.001 9.00¢%
CONCLUSION

An algorithm for fitting the instantaneous ash vs relative density
relations has been presented. Based on this algorithm, a systematic
program was writien. The performance of this algorithm was
compared with the other predictive models. In all the cases, the
predictions for cumulative ash per cenis were beiter than those
calculated using the other approaches.

Considering Lhe constant nature of instantaneous ash vs density
relationships over a certain area, the instantancous yicld vs density
relationship may be fitied independently of the instanianeous ash vs
relative  density  relationship even though a  ‘straight linc
approximation’ was used in the algerithm development for the
latter. In fact, the successful application of the algorithm strongly
indicates that the twe relationships above can be modelled
independently without considering the relative constantness of the
instantaneous ash vs relative density zelationship,
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